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Abstract
We study the permutation module arising from the action of the symmetric group S2n on the conjugacy
class of fixed-point-free involutions, defined over an arbitrary field. The indecomposable direct summands
of these modules are shown to possess filtrations by Specht modules and also filtrations by dual Specht
modules. We see that these provide counterexamples to a conjecture by Hemmer. Twisted permutation
modules are also considered, as is an application to the Brauer algebra.
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Introduction
For a quasi-hereditary algebra, such as the Schur algebra, the indecomposable modules pos-
sessing both a standard filtration (that is a filtration with successive subquotients isomorphic to
standard modules) and also a costandard filtration are precisely the tilting modules, and the iso-
morphism classes of these are labelled by the same finite set that labels the simple modules. In
recent years interest has grown in understanding the corresponding situation for the group algebra
of the symmetric group kSr over a field k of prime characteristic p, that is understanding kSr -
modules with Specht filtrations and also dual Specht filtrations. Hemmer and Nakano [7] showed
that if p  5 then the full subcategory of kSr -modules with Specht filtrations is equivalent to the
category of modules for the Schur algebra S(r, r) which have costandard filtrations. Despite
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groups which possess both a Specht and a dual Specht filtration are Young modules and also
twisted Young modules. Donkin [2] defined ‘signed Young modules’ to generalise both of these
families, and these modules also have both Specht and dual Specht filtrations. In this article we
find a new class of indecomposable modules possessing both types of filtration. The modules we
consider were already studied by Wildon, who proved in [13, Theorem 6.5.1] that these modules
are self-dual. We shall see these modules are not always signed Young modules. This will also
provide counterexamples to a conjecture by Hemmer [5, Conjecture 5.1] which states that if k
has odd characteristic then the indecomposable self-dual kSr -modules with Specht filtrations are
precisely the signed Young modules.
The modules that are studied here are p-permutation modules. An action of a finite group G
on a finite set Ω makes RΩ into a finite-dimensional RG-module for any ring R. We are inter-
ested in the case where G = S2n, the symmetric group on 2n letters, Ω is the conjugacy class
of fixed-point-free involutions in G. We shall write RM2n for the RG-module RΩ obtained in
this way, and we shall omit the subscript R where the ring R is clear from the context. Over a
field of characteristic zero this permutation module is well-understood; its ordinary character is
the sum of all irreducible characters labelled by even partitions of 2n, that is partitions of 2n all
of whose parts are even. Here we prove that, over an arbitrary field, this permutation module,
and even its indecomposable direct summands, have a filtration with subquotients isomorphic to
Specht modules. We obtain more modules with both Specht and dual Specht filtrations by con-
sidering the ‘twisted’ permutation modules that appeared in [8]. In the final section we consider
the Brauer algebra Bk(r, δ), a diagram algebra which contains the symmetric group algebra kSr
as a subalgebra. We shall see that the cell modules of Bk(r, δ) on restriction to kSr are Specht
filtered.
1. Specht filtrations
Let p be a prime number and (K,O, k) a p-modular system, so O is a complete discrete val-
uation ring with field of fractions K of characteristic zero and residue field k of characteristic p.
Let R ∈ {K,O, k}.
Another way to think of the RS2n-module RM2n, the permutation module on the set of fixed-
point-free involutions, is as the induced module IndRS2n
RS2Sn R, where S2 Sn is the wreath product
of S2 with Sn. The rank of RM2n equals (2n − 1)(2n − 3) · · ·3 · 1. We identify the natural
permutation basis with the set of all diagrams consisting of one row of 2n dots, and n edges
connecting pairs of dots so that every dot is connected to precisely one other dot. For example,
when n = 8 the fixed-point-free involution (12)(37)(46)(58) is identified with the diagram:
• • • • • • • • . (1)
The ordinary characters of S2n are indexed by the set of all partitions λ of 2n, and are written χλ.
The ordinary character of M2n is well-known as the following proposition recalls. For a proof of
this result see, for example [10, 5.4.23] or [8, Lemma 1].
Proposition 1. Let K be a field of characteristic zero. Then the character of the KS2n-module
M2n equals
∑
χλ, where the sum is taken over all even partitions of 2n, that is partitions of 2n
having all parts even.
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this is a refinement of the dominance order and is a lexicographic order based on the length
of columns. Let λ1, λ2, . . . , λN denote the even partitions of 2n listed in increasing order with
respect to ≺, so in particular λ1 = (2n) = (2,2, . . . ,2) and λN = (2n). For λ a partition of 2n,
we shall write Sλ for the Specht module for S2n labelled by λ as defined in Chapter 7 of [10]; it
can be defined over any commutative domain with unity, and over a field of characteristic zero
has character χλ.
Theorem 2. For (K,O, k) a p-modular system let R ∈ {K,O, k}. Then, the RS2n-module M =
RM2n has a filtration
0 = M(0) ⊂ M(1) ⊂ · · · ⊂ M(N) = M
where M(i)/M(i − 1) ∼= Sλi (in the notation above) for i = 1,2, . . . ,N .
Before we prove the theorem, we define some notation. Let λ be a partition of 2n, all of
whose parts are even, and let t be some λ-tableau. Recall that the λ-polytabloid et is defined as
et = V t {t}, where V t =∑σ∈C(t)(sgnσ)σ , here C(t) denotes the subgroup of S2n stabilising the
columns of t , and {t} denotes the λ-tabloid corresponding to the λ-tableau t . We define Ci(t)
to be the subgroup of S2n which stabilises the ith column of t , and fixes all entries in other
columns. Let Co(t) (respectively Ce(t)) denote the subgroup of S2n which stabilises all the odd-
numbered (respectively even-numbered) columns of t , and fixes all entries in even (respectively
odd) columns. So Co(t) ∼= C1(t) × C3(t) × · · · , and, since λ is an even partition, we have that
Co(t) and Ce(t) are isomorphic groups. We write V ti =
∑
σ∈Ci(t)(sgnσ)σ , and define V to and V te
in a similar manner. Then V to = V t1V t3 . . . , V te = V t2V t4 . . . , and V t = V toV te .
Each row of t has an even number of entries, say row k reads ik1 , j
k
1 , i
k
2 , j
k
2 , . . . (from left to
right). Then define ut to be the diagram with an edge between each ikm and jkm, for all k and all m.
For example if t were the (4,22)-tableau
t =
1 2 3 7
4 6
5 8
then ut is the diagram drawn in (1) above, which is identified with the involution
(12)(37)(46)(58).
Observe that the usual action of the symmetric group on tableaux corresponds to the action by
conjugation on the conjugacy class of fixed-point-free involutions. Given a diagram u there are
many possibilities for tableaux t with ut = u.
Observe that we always have
V tout = V teut , and even
V t2i−1ut = V t2iut for i  1.
Thus V t ut = |Co(t)|V tout .
Proof of Theorem 2. Recall that every Specht module Sλ is cyclic and is generated by any
λ-polytabloid. We define M(1) as the image of φ1.
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et 	−→ V tout
for any (2n)-tableau t .
For a  2, we define
φa :S
λa −→ M/M(a − 1),
et 	−→ V tout + M(a − 1)
for a λa-tableau t , and M(a) is defined as the inverse image in M of Imφa ⊆ M/M(a − 1). We
shall see that each φa is a well-defined RS2n-homomorphism.
Recall that the left ideal of RS2n annihilating a given λ-polytabloid et is generated by elements
of the following two types (see, for example, Chapters 7 and 8 of [9], and observe that the proof
given works over R):
(1) 1 − (sgnπ)π , for π ∈ C(t);
(2) Garnir elements GX,Y , where X is a subset of the entries from column i and Y is a subset of
those from column i + 1 satisfying |X ∪ Y | = λ′i + 1.
Here λ′ = (λ′1, λ′2, . . .) denotes the conjugate partition to λ.
To see that φa is well-defined it will be enough to see that elements of types (1) and (2)
annihilate V tout modulo M(a − 1). It is easily seen that those of the first type do this, so consider
elements of the second type. There are two cases to consider.
Firstly suppose X is a subset of the entries of column 2i − 1, and Y of column 2i, with
|X ∪ Y | = λ′2i−1 + 1. Observe that as λ is even, the two columns under consideration have equal
lengths. We will denote the set of entries in column j of t by cj . We follow 7.2.3 of [10], adapting
the proof slightly.
For any τ ∈ C2i−1(t), there is some pair of numbers in X ∪ Y which lie in the same row of τ t
and are therefore joined by an edge in uτt = τut . We write SX∪Y for
∑
σ∈SX∪Y (sgnσ)σ , and
defining SX and SY similarly (as in [10]), so that SX∪Y = GX,Y SXSY . Then
SX∪Y (τut ) = 0.
So we obtain
SX∪YV tout =
( ∏
j odd j =2i−1
V tj
)
SX∪Y
∑
τ∈C2i−1(t)
(sgn τ)τut = 0
and therefore,
0 = SX∪YV tout =
( ∏
j odd j =2i−1
V tj
)
GX,Y SXSY
∑
τ∈C2i−1(t)
(sgn τ)τut
=
( ∏
j odd j =2i−1
V tj
)
GX,Y |X|!|Y |!V t2i−1ut
= |X|!|Y |!GX,YV tout .
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all the coefficients of diagrams in GX,YV tout are integers in this case, we find that GX,YV tout = 0
when R =O or when R = k as well.
The second case is when X is a subset of the entries from column 2i, and Y from column
2i + 1 with |X ∪ Y | = λ′2i + 1. The picture of columns 2i − 1,2i,2i + 1,2i + 2 may look as
follows.
2i−1 2i 2i+1 2i+2
X
X′
Y
Y ′
We write c2i for the entries in column 2i, and write X′ for c2i − X, and define Y ′ similarly.
Then, with notation as before,
SX∪YV t2i−1V t2i+1ut = SX∪YV t2iV t2i+1ut
= GX,Y SXSYV t2iV t2i+1ut
= |X|!|Y |!GX,YV t2iV t2i+1ut .
But we can write V t2i = (
∑
σ∈SX×SX′ (sgnσ)σ )(
∑m
s=1(sgnσs)σs), where σ1, . . . , σm are coset
representatives of SX × SX′ in Sc2i . Similarly let τ1, . . . , τl be coset representatives of SY × SY ′
in Sc2i+1 . We have
SX∪YV t2i−1V t2i+1ut = SX∪YV t2iV t2i+1ut
=
∑
g∈SX∪Y
(sgng)g
∑
σ∈SX
(sgnσ)σ
∑
s∈SX′
(sgn s)s
∑
τ∈SY
(sgn τ)τ
∑
t∈SY ′
(sgn t)t
×
m∑
s=1
(sgnσs)σs
l∑
r=1
(sgn τr )τrut
= |X|!|Y |!
∑
h∈SX∪Y ×SX′×SY ′
(sgnh)h
(
m∑
s=1
(sgnσs)σs
l∑
r=1
(sgn τr )τrut
)
.
Therefore we see that:
SX∪YV tout
= |X|!|Y |!
( ∏
j odd, j =2i−1,2i+1
V tj
) ∑
h∈SX∪Y ×SX′×SY ′
(sgnh)h
( ∑
s=1,...,m
sgn(σsτr )σsτrut
)
.r=1,...,l
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two of the entries of Y ′, and similarly no edges connecting two elements of X ∪ Y , and for each
j odd, j = 2i − 1,2i + 1, no edge connects two elements of cj . Therefore SX∪YV tout is equal to
a sum of images of λb-polytabloids eT , where λb is the even partition whose set of odd column
lengths is {|c1|, |c3|, . . . , |c2i−3|, |X| + |Y |, |X′|, |Y ′|, c2i+3, . . .}. For each σsτr , the tableau T
that arises is found as follows: the entries in the columns listed above determine all the entries
in odd columns, and the entry in the adjacent (even) column to an entry k is the number that k is
joined to in the diagram σsτrut . A picture of part of T is shown below. In the order ≺ based on
column lengths, the partition λb is smaller than the original partition as |X| + |Y | = |c2i−1| + 1,
so b a − 1 and therefore SX∪YV tout is an element of M(a − 1).
X
Y
X′ Y ′
An example illustrating this follows this proof. We have therefore seen that in the quotient
SX∪YV tout = 0, which proves that GX,YV tout = 0 over a field of characteristic zero. But, argu-
ing as before, since the coefficients of all diagrams appearing are actually integers we see that
GX,YV tout = 0 over R = k or R =O too.
Thus we have well-defined maps, which are clearly RS2n-homomorphisms, from the Specht
modules Sλa labelled by even partitions into successive quotients of M = M2n. The last of these
maps φN :S(2n) → M/M(N − 1) is certainly surjective, and therefore we have a filtration of M
by quotients of the Specht modules Sλ1 , . . . , SλN .
But the subquotients occurring in our filtration are actually isomorphic to Sλ1 , . . . , SλN . This
follows immediately from Proposition 1, but, to make the proof of Theorem 2 self contained, we
recall part of the proof from [8], using the Branching Rule [9, 9.3] for induction and restriction
of Specht modules,
∑
λ2n
even
rank
(
Sλ
)= ∑
λ2n
even
rank
(
ResS2n−1 S
λ
)
=
∑
μ2n−1
1 part odd
rank
(
Sμ
)
=
∑
ν2n−2
ν even
rank
(
IndS2n−1 Sν
)
= (2n − 1)
∑
ν2n−2
rank
(
Sν
)
.ν even
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∑
λ2n
λ even
rank(Sλ) = (2n−1)(2n−3) · · ·3 ·1 now follows by induction, and we have already
seen this equals the rank of RM2n.
This completes the proof that RM2n has a Specht filtration. 
We give an example to illustrate the second case studied in the above proof. Suppose λ =
(6,4,2) and t is as below, with X = {2,8}, Y = {3,9}.
t =
1 2 3 4 5 6
7 8 9 10
11 12
Then we may take {τr} = {1} and {σs} = {1, (2 12), (8 12)} and the diagrams σsτrut are the
following:
ut = • • • • • • • • • • • •
(2 12)ut = • • • • • • • • • • • •
(8 12)ut = • • • • • • • • • • • •
and SX∪YV tout is a scalar multiple of the image of eT1 − eT2 − eT3 where T1, T2, T3 are:
T1 =
1 2 11 12 5 6
7 8
4 3
10 9
, T2 =
11 2 1 12 5 6
7 8
4 3
10 9
, T3 =
1 2 7 12 5 6
11 8
4 3
10 9
.
These are tableaux for the smaller partition (6,2,2,2).
Since kM2n is self-dual, we deduce that the kS2n-module M2n has both a filtration with
subquotients isomorphic to Specht modules, and a filtration with subquotients isomorphic to
dual Specht modules. We would like to say the same for the indecomposable direct summands
of kM2n. If k has characteristic not equal to 2 or 3 then we may use [7, Theorems 3.6.1, 3.6.2]
to deduce this; Hemmer and Nakano’s equivalence between the category of Specht-module fil-
tered symmetric group modules and the category of modules with a costandard filtration in a
quasi-hereditary algebra in these cases shows that the former is closed under direct summands.
But here we shall instead give a proof that the summands of kM2n have Specht filtrations that is
independent of the characteristic of k. The author is grateful to K. Erdmann for pointing out the
following lemma.
Lemma 3. Let p be a prime integer and (K,O, k) a p-modular system. Let M be an OSr -
module which is free over O, and assume that the character of K ⊗O M is multiplicity-free.
Suppose M = X ⊕ Y as an OSr -module. If Sλ ⊆ M , then precisely one of the following holds:
Sλ ⊆ X or Sλ ⊆ Y .
Proof. Let et be a λ-polytabloid, and so a generator of the Specht module Sλ. Write et = x + y
with x ∈ X and y ∈ Y . Consider K ⊗O M = K ⊗O X ⊕ K ⊗O Y . We obtain a homomorphism
K ⊗O Sλ → K ⊗O X, mapping 1 ⊗ et to 1 ⊗ x, and, similarly, a homomorphism K ⊗O Sλ →
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composition factor of K ⊗O X, so χλ occurs as a constituent of the character of K ⊗O X. Using
the assumption that the character is multiplicity-free, χλ cannot occur in the character of K⊗O Y
and thus y = 0. 
Theorem 4. All indecomposable summands of the kS2n-module kM2n possess both a Specht
filtration and a dual Specht filtration.
Proof. An indecomposable direct summand of the kS2n-module M2n is a p-permutation module
and is therefore liftable to O. Write the OS2n-module M2n = X1 ⊕ · · · ⊕ Xs , for indecompos-
able modules Xi . Since M2n is O-free and the character of K ⊗O M2n is multiplicity-free by
Proposition 1, we may apply Lemma 3 to see that Sλ1 (which was shown to be a submodule
of OM2n in Theorem 2) is actually contained in Xi for some i. The quotient OM2n/Sλ1 is O-
free with multiplicity-free character so we may repeat the argument for the submodule Sλ2 ⊆
OM2n/Sλ1 which was shown to exist in Theorem 2. Continuing in this manner we see that all Xi
have Specht filtrations. We have therefore proved that the summands of the kS2n-module M2n
are Specht filtered. Wildon proved that all summands of the kS2n-module M2n are self-dual [13,
Theorem 6.5.1], and thus all summands also have a filtration by dual Specht modules. 
Remark. Lemma 3 can be generalised to prove the following. Let G be a finite group and A be
a set of O-free OG-modules with the property that K ⊗O A is simple for every A ∈A. Suppose
that M is a permutation OG-module that is free over O, that M has an A-filtration, and also
that the character of K ⊗O M is multiplicity-free. Then every indecomposable summand of kM
possesses both an kA-filtration and a dual kA-filtration. The author thanks S. Donkin for this
generalisation.
The structure of the kS2n-modules M2n in the case where k has odd characteristic has been
studied in detail by Wildon in [13], chapters 4-6. In particular, the summands of M2n in blocks of
weight at most 2 are described (see Theorems 5.3.4 and 5.3.8 of [13]) and here one can observe
the Specht filtrations.
2. Comparing with signed Young modules
Recall that the Young module Yλ of kSr is an indecomposable direct summand of the
permutation module on the cosets of the Young subgroup Sλ = Sλ1 × Sλ2 × · · · × Sλl for
λ = (λ1, λ2, . . . , λl) a partition of r . Generalising Young modules, Donkin defined signed Young
modules in [2]. These are summands of signed permutation modules IndkSa+b
k(Sλ×Sμ) k ⊗ sgn, for
partitions λ of a and μ of b, where k ⊗ sgn denotes the outer tensor product of the trivial mod-
ule for kSλ with the alternating module for kSμ. In particular, every Young module is a signed
Young module. Using results of Grabmeier [3], Donkin showed that a signed Young module Y
has a Young vertex, that is a minimal Young subgroup A such that Y is relatively A-projective,
and a 1-dimensional Young source, that is a kA-module U which induced to kG has a direct sum-
mand isomorphic to Y . In [2, Section 5], Donkin described the Young vertices. Young vertices
and Green vertices are related in the following way.
Lemma 5. Suppose kG is the group algebra of a symmetric group, V an indecomposable kG-
module. Suppose V has Green vertex Q and Green source S. Suppose V has Young vertex A
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p-subgroup of A.
Proof. Grabmeier proved in [3, 4.7] that given a finite group G, a prime p and a Mackey system
Y for kG, the Green vertex of an indecomposable kG-module with Y-vertex A and trivial Y-
source is a Sylow p-subgroup of A. Grabmeier’s proof of this result is readily seen to generalise
to the case where the Y-source is 1-dimensional; it relies only on the fact that the Green vertex of
a 1-dimensional module is a Sylow p-subgroup. The set of Young subgroups of kSr is a Mackey
system so the result follows. 
Proposition 6. For a field k of characteristic p  3, if n  p there is an indecomposable sum-
mand of the kS2n-module kM2n that is not isomorphic to a signed Young module.
Proof. Let P denote a Sylow p-subgroup of S2 Sn. Then M2n has an indecomposable summand
isomorphic to Sc(P ), the Scott module with vertex P (see, for example, [1, Section 2]). It is
proved in [2, Section 5] that the possible Young vertices of signed Young modules are Young
subgroups Sρ , for partitions ρ whose parts are all powers of p. The Green vertices of signed
Young modules are therefore Sylow p-subgroups of such Young subgroups. These are never
conjugate to P when n p. 
Wildon [13, Theorem 6.5.1] showed that all summands of M2n are self-dual. Combining this
with Corollary 4 and Proposition 6 we have found examples of indecomposable self-dual mod-
ules which are filtered by Specht modules but are not signed Young modules, demonstrating that
Hemmer’s conjecture [5, Conjecture 5.1] does not hold (see also [6]).
3. Further modules with Specht filtrations
In addition to studying the modules CM2n, Inglis, Richardson and Saxl also considered ‘twist-
ed’ permutation modules in [8], in order to form a model for the complex representations of
symmetric groups. Let r = 2n + f and consider the kSr -module
M2n,f := IndkS2n+fk(S2Sn×Sf )(k ⊗ sgn).
So M2n,0 is just the kS2n-module M2n. It is shown in [8] that M2n,f has character ∑χλ, where
the sum is over all λ partitions of r with precisely f odd parts. We can prove that M2n,f has a
Specht filtration.
Theorem 7. Let r = 2n + f . The kSr -module M2n,f has a Specht filtration with subquotients
isomorphic to the Specht modules Sλ, where λ runs through all partitions of r with precisely f
odd parts, and each occurs once.
Proof. Observe that:
M2n,f = IndkS2n+fk(S2n×Sf )
(
Indk(S2n×Sf )
k(S2Sn×Sf )(k ⊗ sgn)
)
∼= IndkS2n+fk(S2n×Sf )
(
IndkS2n
k(S2Sn) k ⊗ S(1
f )
)
= IndkS2n+f (M2n ⊗ S(1f )).k(S2n×Sf )
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orem 2, M2n,f has a filtration with subquotients isomorphic to the Specht modules stated
above. 
Since S(1f ) is also isomorphic to a dual Specht module, we can also prove that M2n,f has
a filtration by dual Specht modules. If p = 2,3, then it follows from Hemmer and Nakano’s
theorem [7, Theorems 3.6.1, 3.6.2] that the indecomposable direct summands of M2n,f possess
Specht filtrations and dual Specht filtrations.
4. Restrictions of cell modules for Brauer algebras
For r ∈ N and δ ∈ k, let B = Bk(r, δ) denote the Brauer algebra. Recall that B has a k-
basis the set of all Brauer diagrams consisting of 2r dots, arranged in two rows of r dots, with
each dot joined to precisely one other by an edge. Multiplication of two Brauer diagrams x
and y is defined as follows. Concatenate the diagrams by placing x on top of y, identifying the
bottom row of x with the top row of y. Follow the edges originating in the top row of x and the
bottom row of y to obtain a new Brauer diagram z. There may be closed loops in the middle of
the concatenated diagram (which will be removed); let j be the number of such closed loops.
Then the multiplication is defined as xy := δj z. (See, for example, [12] for more details and an
example.)
The Brauer algebra B , like its subalgebra kSr , is a cellular algebra in the sense of Graham and
Lehrer [4], and the cell modules of B play a similar role to that played by the Specht modules
of kSr . For n = 0,1, . . . , [r/2], consider the set of diagrams consisting of r dots arranged in a
single row and n edges between distinct dots; we call these (r, n)-diagrams. We let Vn denote the
k-vector space spanned by all (r, n)-diagrams, which can be made into a B-module by letting
a Brauer diagram x of B act on an (r, n)-diagram v in the following way. We place v below x,
identify the vertices in the bottom row of x with those of v, and follow the edges joining dots
in the top row of the concatenated diagram. This will result in a new single row diagram w, and
there can be some closed loops in the bottom row, let j be the number of those. Note that w will
have at least n edges. We define xv = δjw if w has exactly n edges, and xv = 0 if w has more
than n edges.
For a partition λ of r − 2n, the cell module for B corresponding to λ is S(λ) := Vn ⊗ Sλ.
Here the action of a Brauer diagram x of B on v ⊗ m ∈ Vn ⊗ Sλ, with v an (r, n)-diagram and
m ∈ Sλ, is given as follows:
x(v ⊗ m) =
{
(xv) ⊗ π(x, v)m if xv has n edges,
0 otherwise,
where π(x, v) is the permutation induced on the free dots. Let us illustrate this with an example.
Suppose r = 4, n = 1 and λ = (12). Write m for the basis element of S(12), the alternating
module. Take x to be the Brauer diagram
• • • •
• • • •
890 R. Paget / Journal of Algebra 312 (2007) 880–890and v = • • • • . Below, we see that xv = w = • • • • and
π(x, v) is the transposition (1 2), since in the concatenated diagram the first free dot in w (la-
belled 1 below) is joined to the second free dot in the v (labelled 2) and so on.
•1 •2 • •
• •1 • •2
So x(v ⊗ m) = (xv) ⊗ π(x, v)m = (• • • •) ⊗ (−m).
Theorem 2 gives us information about the restrictions of the cell modules of B to the subal-
gebra kSr .
Proposition 8. For 0 n [r/2] and λ a partition of r − 2n, the restriction of S(λ) = Vn ⊗ Sλ
to kSr is filtered by Specht modules.
Proof. Observe that the restriction of S(λ) = Vn ⊗ Sλ to kSr is isomorphic to
IndkSr
k(S2n×Sr−2n)
((
IndkS2n
kS2Sn k
)
⊗ Sλ
)
= IndkSr
k(S2n×Sr−2n)
(
M2n ⊗ Sλ
)
.
Then the result follows from Theorem 2 and the characteristic-free version of the Littlewood–
Richardson rule (see [11]). 
An alternative choice for a set of cell modules for the Brauer algebra is to take S¯(λ) = Vn⊗Sλ,
where Sλ is the dual Specht module. We also see that the restriction to the symmetric group of
S¯(λ) has a dual Specht filtration.
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